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This work provides a framework for linear model predictive control (MPC) of non-
linear distributed parameter systems (DPS), allowing the direct utilization of existing
large-scale simulators. The proposed scheme is adaptive and it is based on successive
local linearizations of the nonlinear model of the system at hand around the current
state and on the use of the resulting local linear models for MPC. At every timestep,
not only the future control moves are updated but also the model of the system itself.
A model reduction technique is integrated within this methodology to reduce the com-
putational cost of this procedure. It follows the equation-free approach (see Kevrekidis
et al., Commun Math Sci. 2003,1:715-762; Theodoropoulos et al., Proc Natl Acad Sci
USA. 2000,97:9840-9843), according to which the equations of the model (and conse-
quently of the simulator) need not be given explicitly to the controller. The latter forms
a ‘“‘wrapper” around an existing simulator using it in an input/output fashion. This
algorithm is designed for dissipative DPS, dissipativity being a prerequisite for model
reduction. The equation-free approach renders the proposed algorithm appropriate for
multiscale systems and enables it to handle large-scale systems. © 2011 American Insti-
tute of Chemical Engineers AIChE J, 58: 801-811, 2012
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Introduction

Distributed parameter systems (DPS) arise naturally in en-
gineering practice. The growth in a number of cutting-edge
technology-based industrial sectors ranging from nanotech-
nology to semiconductor manufacturing and crystallization,
polymerization as well as biotechnological systems is paved
by developments in modeling, analysis and design of DPS.
DPS are based on sets of partial differential equations
(PDEs), which are able to accurately express their nonlinear
distributed dynamic behavior. In recent years much attention
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has been given to the simulation of these systems and as a
result significant advances are noted, subsequently influenc-
ing industrial systems’ design. Extending simulation results
to design is not straightforward.! Of particular interest are
large-scale DPS and recently multiscale systems, which cou-
ple various spatio-temporal scales. The use of multiscale
simulators to perform system-level tasks is not trivial.”> The
same is true for the many, essentially, black-box simulators,
which are available as commercial packages or as legacy
codes. Equation-free methods can be used to overcome the
obstacle of the system equations not being available to the
user or at all in closed form.? It is clear that the next natural
step is to address issues of optimization and control for
black-box DPS and for multiscale systems alike.
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Optimization technology is used to determine the optimal
conditions of a system’s operation, whereas optimal control
is employed to drive the system to that set of conditions and
to ensure that it will not deviate significantly. The field of
PDE-constrained optimization has undergone significant
advances and is still developing rapidly.* Recently we have
developed a suite of algorithms for the optimization
of large-scale input/output nonlinear DPS and of multiscale
systems.”’ Here we extend these concepts for predictive
control.

The control of DPS is a challenging task. Due to the com-
plexity of the system at hand, the use of conventional
algorithms, intended for lumped parameter systems, may be
prohibitive. In general, highly distributed control variables
are involved in the problem and the control decisions are
implemented in a spatially distributed network of actuators.
However, it has been observed in many systems of engineer-
ing interest that the dominant dynamic behavior can be
attributed to a small number of modes, which in general are
much less than the (large) number of variables of the system.
This notion has been used repeatedly in the context of
advanced control methodologies in conjunction with model
order reduction.®® Christofides and collaborators have
worked extensively on the control of DPS, proposing a set
of algorithms for the feedback and robust control of various
classes of systems modeled by PDEs.'” Model reduction-
based approaches for model predictive control (MPC) of
DPS include modal decomposition,'' approximate inertial
manifold methods,lz’13 Galerkin’s method,14 reduced basis
methods following the Lagrange approach,15 proper orthogo-
nal decomposition (or Karhunen—Loeve expansion)'®™'® and
equation-free methods.'!

Research has been also directed towards designing new
optimization algorithms, appropriate for this class of prob-
and towards modifying existing control algo-
rithms.>* Another trend is to replace the nonlinear models
with stochastic counterparts or hybrid models.”” Finally,
there is the option of identifying a linear model which cap-
tures the behavior of a DPS at the region of operation.”® The
last approach usually incurs the least computational cost,
especially if it is used in the context of multiparametric
MPC.”’

The use of linear models for the control of nonlinear sys-
tems does not always produce satisfying results. Linear mod-
els used in MPC cannot generally describe the behavior of
highly nonlinear systems over sizeable regions. Even nonlin-
ear models are only approximations of the reality and
include inaccuracies. Using better models for control intui-
tively leads to better closed loop behaviors. There have been
many approaches towards the predictive control of nonlinear
systems. A natural extension of MPC is nonlinear MPC
(NMPC). Many different formulations have been presented
over the years.zg’29 NMPC has the added advantage of
employing models of increased accuracy, but also the disad-
vantage of significantly higher computational cost. Further-
more, the computation of the sequence of future control
moves follows as solution of nonlinear optimization prob-
lems (NLPs), which are generally nonconvex and might
exhibit multiple optima. Another way of coping with nonli-
nearity is to use multiple models instead of a single one.>%3!
Obviously, in such formulations the optimal determination of
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model switching policies is as crucial as the accuracy of the
models themselves. NMPC based on successive linearization
has been proposed as a remedy for the nonconvexity of the
optimization subproblem.n_34 By adaptively linearizing the
original nonlinear model on a nominal trajectory, a local lin-
ear model is produced, which is used in an MPC algorithm.

In this work, we present a predictive control algorithm for
nonlinear DPS, which is based on a combination of on-line
model reduction and successive linearizations. At each sam-
pling time, the dominant dynamics of the system are identi-
fied and a basis for the low-dimensional corresponding sub-
space is computed. The dependent variables of the DPS are
projected onto this subspace, yielding the state variables
which will be considered for the current time interval. A
low-order linear approximation of the original nonlinear
model is found by performing a linearization using the
reduced Jacobian around the current state. This linearization
is in the temporal domain, i.e. we consider adaptive succes-
sive linearizations along the temporal trajectories of the
(nonlinear) right-hand sides of the dynamic PDEs at hand,
and not only at stationary points as in previous equation-free
control approalches.lg*21 The reduction of the dimensionality
of the problem, both in terms of number of state variables
and of size of the Jacobian matrix, is performed efficiently
on-line, in the least computationally expensive way. The
resulting (local) linear model is considered invariant over the
prediction horizon; hence it can be used to formulate a quad-
ratic optimization problem, from which the sequence of
future system inputs will be computed.

This framework makes the use of black-box simulators
possible, even for multiscale systems, as it only requires the
availability of an input/output time integrator for the DPS at
hand. In cases where explicitly coping with process nonli-
nearity is considered advantageous, the same principles for
model reduction can be exploited for the formulation of a
reduced NLP problem in the context of NMPC. We have
used such an approach for dynamic optimization’ which
underpins the links with a NMPC formulation.

The rest of the article is organized as follows. Firstly, the
conventional MPC method is briefly presented as well as the
MPC set-up for our proposed algorithm. Next, we present
the proposed algorithm, we address some implementation
issues and present a computationally efficient modification.
We apply the methodology for the control of tubular reac-
tors, delineating the results. Finally some concluding remarks
are given.

MPC formulation

MPC is admittedly the most widely used among the
advanced control strategies, receiving attention both in aca-
demia and industry. One of the most useful features of this
framework is the ability to handle input and output constraints.
The central idea is that a model of the system at hand, which
can predict future outputs (y) over a given prediction horizon
(Np) subject to initial conditions and inputs, is used to formulate
an optimization problem which results in the computation of a
sequence of future inputs over a control horizon (NC).35737 This
computation is performed at every sampling time, however fol-
lowing the receding horizon approach only the first move in the
sequence is actually implemented. The optimization problem
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minimizes the anticipated deviation from the set-point as well
as the control energy required over the control horizon. For
implementation details, see the books of Camacho and Bor-
dons™® and Wang.38

MPC can be formulated in discrete or continuous time,
using linear or nonlinear models. In the conventional formu-
lation,® a linear, discrete time, state-space model (Eq. 1) is
employed.

Xp1= Agxx +Bqug

()
Y= Cxx+ Duy

where x € R""is the incremental state variable vector: x = X,,,,,, — X,
X being the state vector and X,,,, the corresponding vector of
nominal states which will be defined later on in this section, y € R"
is the system output, u € " is the system input, 7;,, is the number of
inputs, ny is the number of state variables, 7,,, is the number of
outputs, x; is the state at the k-th sampling interval, (k = {1, ..., Ty/
T+1}, where f¢is the simulation time and £, the sampling time) and
Aq, By, C, D are the matrices involved in the state space
representation of the system (A4 € R™ ™ ™, By e R™ * " C e
R« > " and D € R" * "), These state and output matrices are
assumed to be both controllable and observable. The optimization
problem solved at a sampling instance 7, is>”:

U = arg min Z” (t + kT|r) — r(t + KT5)) |5,

+ZH

s.. x(t + (k + 1)T|t) =Aqx(t + kTslt)
+Bqu(t + kTs|t) k=1,2,...N,
V(1 + kTg|t) = Cx(t + kTs|t) + Du(t + kT|t)

ulower <u< y\pper

(t + kTg|t) — u(t + (kK — 1)T; |f))||R ]
2

where Q,, and R,, are weighting matrices of appropriate
dimensions, %,y denote predicted values, (- | 7) denotes
the current time interval ¢, r is the reference signal and
U = [u(t + Tslo" u@t + Ts2)" ... u (¢t + N.Tsln']"
sequence of future inputs, which satisfies (2). As mentioned, only
u(t + Tslz) is actually implemented and all the other elements of U
are discarded.

It is clear that this approach is based on a linear model of
the form of Eq. 1. However most engineering models are
nonlinear. A general description of a nonlinear model is:
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There are many ways of extracting a linear model
corresponding to the system (3).* One possibility is to
perform Jacobian linearization at a nominal point41 { Xnom(D),
hom ()} which satisfies Eq. 3. This is typically the set point
and/or a steady state of the nonlinear model. We can consider
any point in state space as a perturbation of the nominal point:

U(r) = thpom +u(t)  and )
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i(l‘()) = xnom(t()) + X(IO) (5)

for small ||x(7p)|| and [Ju(?)||, with [[u(?)|| = sup ||lu(®)||2.
For small ||x|| and ||y|| we can define

X(t) = Tnom (1) +x(1) (6)

() = Fnom (t) + y(1) ©)

Taking a Taylor expansion of system (3) using incremental
variables and assuming that f and g are smooth, we have

0 0
x(r) = el x(t) + 7Ji u(r)
(nom Fnom) U1 RaomsFnom) g
dg dg (®)
=L (1) + 5 u(t)
(Zom Fnom) (Zoom Fnom)

Or equivalently:

x(t) = Aex(¢) + Beu(r)

y(t) = Cx(t) + Du(t) ©

with initial condition x (fy) = x,, and the system Jacobian, A,
and actuator effect, B., given by:

0
Ac = 87( (10)
X (Faom Fom)
B. = ci (11)
(Faom Foom)

The system (9) is in continuous time and needs to be
transformed in discrete time as per Eq. 1. Transforming the
continuous time model to a discrete-time one and considering
zero-order hold for the inputs we can compute A4 and B4 from
A., B, and the sampling time (7). Note here that the prediction
horizon consists of a number of sampling time steps. It can be
shown that*?

=M (12)

T
By = / e B.dt (13)
0

Note that matrices C and D remain unaltered by the
transformation.

The Proposed Algorithm
Model reduction

The basis of this work is model reduction, which is based
on dissipation which many engineering systems exhibit.*’
This technique is extending the concepts of the ‘“equation-
free” approaches for control applicationslg’ﬁ’44’45 which are
inspired by the Recursive Projection Method.*® These studies
have exploited equation-free methodologies to produce low-
order models, which correspond to equilibrium setpoints and
can be further used for linear quadratic regulation, pole
placement and feedback linearization. In this work the
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Figure 1. Eigenspectrum of a discretized dynamic sys-
tem, exhibiting a clear separation of scales.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

linearization is adaptive, it is repeated along the trajectory
and is not restricted to an equilibrium point, thus extending
the ideas on dynamic optimization presented by Theodoro-
poulos and Luna-Ortiz.’

The dynamic behavior of nonlinear systems given by Eq.
3 is simulated using time integrators of the form

X = F(Xi1, i1, tim1) (14)

Function F(.) in Eq. 14 can represent a black box simulator,
which the user can only run for a given set of initial conditions,
with given independent (control) variables profiles, for a set
time. For most engineering systems there exists a “‘commodity”’
simulator, which one can use for accurate simulations.
Typically, the interaction of such a code with the user is limited.

The eigenspectrum, i.e. the set of eigenvalues of the scheme
presented in Eq. 14 is shown in Figure 1. Eigenvalues outside
the unit circle would correspond to the unstable modes of the
system (14). The model reduction technique presented here is
efficient if the assumption holds that only a relatively small
number of eigenvalues, m, are close to the unit circle, either
inside or outside. This is important, as those are considered as
the dominant modes for the system. Let K5 a disk smaller than
the unit circle, so that its center is the origin (0,0) and its radius
is equal to (1-0), where 6 > 0 is a positive parameter, and the
eigenvalues of the system are ordered, so that

|:u1‘ Z 2 |‘le‘ >1-0 Z |:um+1| Z ‘:uns.| (15)

In this formulation, pq,...,u,,, which are outside K;, are
(heuristically) the dominant modes of the system. Let P
denote the maximal invariant subspace of the Jacobian,
corresponding to those modes and Q its orthogonal comple-
ment, so that:

PoQ=R"“ or R=PR"™+QR™ (16)

where P and Q are the orthonormal projectors onto the
subspaces P and Q respectively, P,Q € R™ * ",
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As any valid projector, P satisfies P> = P. And since Q =
[ — P from (16), also PQ = 0. This way, any vector x € R"™
can be decomposed in two unique components: x = Px +
Ox =p+ q,p e Pand g € Q. In this approach, we assume
that Px adequately approximates x.

Let Z € R™™" be an orthonormal basis for P. The projec-
tors P and Q can be computed from:

P=77Z" 0=1-2zZ", with Z'Z2=1 (17)

In the formulation that is presented in this section, the
projectors P and Q, which are high dimensional, need not be
computed explicitly. The basis Z is computed using matrix-
free methods, which do not explicitly require the Jacobian. At
every sampling time, Arnoldi method or subspace iterations
are employed to compute an orthonormal basis for the
dominant subspace of the system.

The clustering of the eigenvalues in Figure 1 denotes sep-
aration of temporal scales in the dynamics of the system
under examination. Two clusters stand out: one being close
to the origin and the other outside of K. The “spectral gap”
between these clusters need not be as prominent in practice,
for the assumption of the existence of a dominant subspace
to hold. The spectral gap is tightly related to the dissipativity
of the system. The use of spectral decomposition methods in
general in hyperbolic systems of PDEs is not advised, since
the number of modes required for the extraction of an accu-
rate model of ODEs may be large.'’

Let it be noted that there might be some collateral benefits
from the truncation of some modes. Using conventional tech-
niques which work with full models (e.g., an implementation
of the conventional NMPC algorithm), additional issues might
arise due to the fact that multiscale systems exhibit stiffness if
the characteristic temporal scale of the system is smaller than
the one of the fastest scale.*” Thus, the use of conventional
simulation methods within the NMPC framework might fail,
depending on the characteristics of the system at hand and the
examined region in the parameter space.

The proposed algorithm disregards the evolution of the fast
modes in the computations performed in every time interval.
That is shown to be of minimal importance for closed-loop
stability but does affect the controller’s predictive capability
for some classes of systems.'' It is important to note here that
the chosen prediction horizon needs to be small enough so that
the linearization around the current state is valid for the whole
horizon. Moreover, the sampling time needs to be large
enough so that the fast modes decay (i.e., they become
enslaved to the dominant/slow modes) hence they can be
safely ignored. It should be, however, mentioned that the sam-
pling time is normally much smaller than the prediction hori-
zon. Possible inaccuracies are compensated by the adaptive
nature of the successive linearization scheme.

Successive linearization MPC

The ideas for model reduction described in the previous sec-
tion are applied to produce a linear low-order model which
can be used for predictive control. The basis of this approach
is successive linearization (SL). The idea is that linearization
based on the system’s Jacobian is performed every time inter-
val, so that the nonlinear model can be approximated by a
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Table 1. Pseudo-Code for Algorithm 1

1. Initialize the control problem: choose horizons N, N,
weights, O, and Ry, and set initial conditions for X and i
2. For every time interval:

i.  Apply the 1st control decision to the system, as calculated
from the previous time step

ii. Measure the output of the system and estimate the current
state

iii. Formulate a new controller and compute next control action
as in (linearization) Table 2 (Algorithm 2)

iv. Solve the optimization subproblem (2) and compute the next
N, control decisions

linear one. The Jacobian of the system is defined in Eq. 10.
However in the proposed formulation this matrix will not be
calculated; only products of the approximate Jacobian F, with
vectors will be used. Different notation is used to stress that F'
implies the use of the integrator, rather than explicit use of the
system equations as in A.. This linearization can be performed
on a nominal trajectory. Whereas in the conventional formula-
tion of MPC presented in section 2 there is only one linear
model, SL results in the computation of a sequence of linear
models. One advantage of SL over NMPC is that the resulting
optimization problem solved online is convex.

In the proposed method, the linear models are of reduced
dimension and are calculated online, following the procedure
described in (linearization) Algorithm 2. On initialization,
only the horizons Ny, N, as well as the weights, Q,, and R,,
are set along with the initial conditions for X and #. At every
sampling time, the invariant subspace corresponding to the
dominant modes of the system is identified using the nonlinear
model (3), as described in the previous section. Only matrix
(Jacobian)-vector products are needed, which can be effi-
ciently calculated with numerical directional perturbations:

1
Fw mz—(F()?—&—sv,ﬁ,t) — F(X —ev,ii, 1)) (18)
£

where ¢ € R™ is the perturbation size, v € R" the vector which
needs to be multiplied with the Jacobian. The dynamic
simulator available is used to perform these perturbations by
perturbing the initial conditions and running the simulator for
a certain reporting time. The states F(.) computed are used in
the central finite difference scheme as in Eq. 18.

The orthonormal basis Z € R™” which results from this
procedure is used for projecting the state vector onto the
dominant subspace. A new, reduced state vector is defined:

E=7" (19)

where ¢ € R™. The basis is also used for the computation of a
reduced Jacobian, H = Z'F,Z. Firstly, the product F,Z € R"™ * ™
is computed by columns as in Eq. 18. m perturbations are
performed, one for every column of Z. In the j-th (of m)
perturbations, the vector v is actually the j-th column of Z.
Secondly, F,Z is pre-multiplied with 7", for the desired reduced
Jacobian to be formed. It can be shown, that the reduced
Jacobian of the continuous-time system is Ac;eq = I — H. The
sensitivity matrix describing the actuator effect, B .4 i
computed directly with numerical perturbations on the inputs
using the dynamic simulator. The projection onto the dominant
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subspace is B¢ yeq = Z"B.. Note here that the low-order matrices
Acrea and B .4 are time-dependent since they are recalculated
at each sampling time to provide a linearized description of the
system in continuous time. to obtain the corresponding
description in discrete time, we can rewrite Egs. 12 and 13 at
each sampling time J:

Ay = eAeredls (20)
T
By = / et B adt 1)
0

where subscript k& denotes that those matrices are valid for the
time-interval [k, k4], For a more compact notation, these
subscripts in matrices A, B, C and D will be omitted for the rest
of the manuscript. Equations 20 and 21 define a reduced model,
which is the projected onto the P counterpart of the model (1):

Cir1 = A&y + B

(22)
Yir1 = CZT & + Duy

Note that in the proposed algorithm, linearization is
performed only once per sampling time, at the current state,
whereas in the SL approach, linearization along a nominal
trajectory is considered, the current state typically being the
first point of this trajectory. Thus, in the current formulation,
matrices A and B are considered time-invariant within each
sampling time, but they are recalculated before each
optimization problem. The evolution of the matrices through-
out the prediction horizon is neglected.

The reduced linear model (22) can be used to formulate an
optimization problem in every timestep, which is the one
shown in Eq. 2 projected onto the dominant subspace of the
system corresponding to the current sampling interval:

NP
U = argmin | > || (3(¢ + KTi|r) — r(r + KT5)) |5,
U k=1

Ne

+ > e+ KTlr) = u(e + (k = DT5[0) |z,
k=1

st E(t+ (k+ DT|t) = A&(t + kT, |r)
+ Bu(t + kTi|r),k = 1,2,...N,
V(1 + KTy|t) = CZ E(t + KTy|t) 4+ Du(t + kT,)7)
ylower < u < ytPrer
(23)

The dimension of the problem is reduced, as the number of
equality constraints is reduced. This leads to big savings in

Table 2. Pseudo-Code for (Linearization) Algorithm 2

1. Compute a basis Z the dominant subspace P of the current state by
employing Arnoldi method using directional perturbations on
the nonlinear model (14) as per Eq. (18)

2. Compute the reduced deviation state variable from Eq. (19).

3. Calculate the matrices A, B, C, D for the reduced discrete state
space model (22) using directional perturbations to the direction
of Z.

4. Formulate the underlying QP problem (23) using the updated model
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Table 3. Pseudo-Code for Algorithm 3

1. Initialize the control problem: choose horizons N, N,
weights, O, and Ry, and set initial conditions for X and i
2. For every time interval:

i. Apply the Ist control decision to the system, as calculated
from the previous time step

ii. Measure the output of the system and estimate the current
state

iii. If conditions (24) and (25) are met:
Formulate a new controller and compute next control
action as in (linearization) Algorithm 2

Else:

use the model from the previous sampling time

iv. Solve the optimization subproblem (2) and compute the next
N, control decisions

computational time and memory usage. The proposed algo-
rithm is outlined in Table 1. This algorithm is based on the
derivation of a linear, discrete state-space model as explained
by Algorithm 1 (Table 1).

The quadratic subproblem defined in Eq. 23, is a reduced
form of the standard finite-horizon linear MPC formulation.
It can be shown that if the (full-scale) QP subproblem is fea-
sible then its solution satisfies the reduced QP subproblem as
well. However, it is known that the QP subproblem may, in
general, be infeasible if the control horizon chosen is not
large enough.48 Even if this is the case, the minimal-time or
the soft constraint approaches can be used to handle it.*

A modification for the reduction of computational cost

The most computationally expensive step of the algorithm is
updating the basis for the dominant subspace of the system. As
mentioned in section 3.1, iterative matrix-free techniques are
used for that computation, which are known to scale well with
problem size. In particular, we use Arnoldi method in this work.
In this section we present some ways of reducing the computa-
tional cost of this part of the algorithm. One way this reduction
can be achieved is by “warm-starting”. An initial guess for this
basis could be Ax = x; — x;_;, extending the concept of the
power method.*® After the first iteration is completed, the basis
is practically updated rather than recalculated. Hence, a zero
order continuation can be used for warm starting: the dominant
mode (first column) of the basis from the previous sampling
time can be used for the initialization of the Arnoldi method.

The cost of computing Z can be further reduced by decreas-
ing the accuracy to which Arnoldi converges. This is a nontri-
vial task as it affects the quality of the resulting model used for
control. Tolerance for convergence to the dominant subspace
can be seen as a tuning parameter. It is advised that some off-
line tests are performed, which should confirm that even with
an increased tolerance, the dynamics of the system under ex-
amination are sufficiently captured. Another way of reducing
cost is to increase the sampling time. This should also be
treated with caution. Firstly, the dominant dynamics of the
underlying system could be fast enough to require small time
intervals; secondly, since in this work we effectively consider
adaptive linearization in a neighborhood of the current state,
for the linearization to hold, the time interval should be ““small
enough™.

The heuristics mentioned so far do reduce the computa-
tional cost, however computing Z at every sampling interval
is in general expansive. A drastic way of reducing cost is to

806 DOI 10.1002/aic

Published on behalf of the AIChE

consider conditional updates of the basis Z; instead of
updating Z at every sampling time, we can only update it
when significant “jumps” in parameter space are noticed:

[Frapa =

2 Eupd (24)
[Fupal|
where x,pq is the state at the last point where Z was updated
and &g the heuristically defined affinity parameter (toler-
ance). This condition indicates that if the underlying nonlinear
system is smooth enough, it exhibits similar dynamics for
states, which do not differ significantly.

It would be prudent and relatively inexpensive, to also set
a maximum number of sampling intervals, 1,4, between two
consecutive updates of Z:

k — kupd <Mupd (25)

Therefore, we can implement Algorithm 1 as presented in the
previous section, with the model of the plant being updated if
and only if conditions (24) and (25) are met. This version is
presented in Table 3 as Algorithm 3.

Case Studies

In this section we apply the proposed methodology for the
control of a tubular reactor with recycle, where a first order,
irreversible reaction takes place. The model for the reactor
consists of two nonlinear (parabolic) PDEs, which in dimen-
sionless form are®'-%:

0. 1 & 0. }
L) fﬂfDa-xlexp (1/x2 >

ot Pey 0y> Oy + X

8xz 1 82X2 8.)(2 VX2 (26)
e 290 Y2 cpa-x "2

Ot Pey Oy* Oy +CDa-xiexp 14+ x

+ f(xow — x2)

With boundary conditions

ox
(’Tl = —Pe, [(1 - r)X? +rx |y:1*’”xl |y:0
on 7
87; = —Pe, [(1 — r)xg + I’X2|y:1*’”x2|y:0
aty = 0 and
y (28)
o _
dy

aty = 1.

Here y is the dimensionless longitudinal coordinate, x; is
the dimensionless concentration and x, is the dimensionless
temperature. r is the recycle ratio, Da is the Damkdhler
number, Pe; is the Pecklet number for mass transport and
Pe, for heat transport, § a dimensionless heat transfer coeffi-
cient, C is the dimensionless adiabatic temperature rise, X,
the dimensionless adiabatic wall temperature, 7y the
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Figure 2. Schematic representation of a tubular reactor
with eight cooling zones.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

L C(

r

dimensionless activation energy. A schematic of the reactor
is given in Figure 2. The values for the parameters chosen
are: are Da = 0.1, Pe; = Pe, = 7.0, y = 10.0, f = 2.0, C
=25, xol =0, xoz = 0. Such tubular reactors are commonly
used in chemical- and bio-processing. For the examples pre-
sented, the sampling time was 0.01, Arnoldi method was
warm-started as presented in section 3.2, but tolerance was
not increased (and was set to 1076). For the results presented
using Algorithm 3, the affinity parameter ¢,,; was set to
1072 and Nypa Was 50.

A single output was considered for control, which was
the exit temperature from the reactor. The wall tempera-
ture, Xy, was the manipulated variable. In specific, we
consider 8 cooling zones in the jacket of the reactor,
whose temperature can be controlled independently. Hence
Xy Varies spatially:

.
BAEES

Temperatus
e o
> ® =

WS, gy 02 03

b Time !

Figure 3. Dynamic profile for the dimensionless (a)
temperature and (b) concentration for the
open loop reactor behavior with r = 0.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

AIChE Journal March 2012 Vol. 58, No. 3

Published on behalf of the AIChE

8
() = (H = y1) —HO) = y)uw(t) 29

J=1

Withy; =i/8,i=0,1,....8,x, (0,j=1,2,..., 8, is the
dimensionless temperature of the cooling zone for time ¢ and
H(.) is the Heaviside step function:

0, <0
o ={3 7%,

Equations 26-28 were semidiscretized in space with the Finite
Element method. The number of nodes selected was 16,
resulting in 32 ODEs (and 32 dependent variables: dimension-
less concentrations and dimensionless temperatures). The
dynamic simulator for the system was used by the controller
as black box. In particular no access to the discretized version
of the equations was given to the controller. Only state
information was passed to the controller, which was wrapped
around the time integrator.

This system exhibits an interesting parametric behavior. It
is stable for no recycle (r = 0) as shown in Figure 3, but a
Hopf bifurcation there exists for r = 0.5 and the system
exhibits sustained oscillations (Figure 4).

(30)

o
20

Temperatus

Concentration

Lk
08
a7

Figure 4. Dynamic profile for the dimensionless (a)
temperature and (b) concentration for the
open loop reactor with r = 0.5.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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Figure 5. (a) Dynamic behavior of the open-loop sys-
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line) and (b) the corresponding computed
cooling profiles.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Stabilization of the reactor

A natural choice for a case study to illustrate the efficiency
of the proposed control algorithm, is the stabilization of the re-
actor for r = 0.5. Namely, the objective for this case is for the
exit temperature from the reactor, which exhibits sustained
oscillations, to be the equal to the case with no recycle. The
manipulated variables are the temperatures of the cooling
zones, u;, which have the bounds:

0 S Mj S 17

j=12,..28 (31)

The size of the subspace chosen was m = 4. The horizons chosen
were N, = N. = 7. The sampling interval was set to 0.01
(dimensionless).

The controller of Algorithm 1 succeeded in effectively sta-
bilizing the system. Figure 5a presents the output behavior
for the closed loop system, vs. the reference trajectory and
the open loop oscillating behavior, whereas Figure 5b
presents the corresponding input values calculated by the
controller. In Figure 5, the dynamic closed loop behavior of
the state variables is presented. The corresponding closed
loop behavior of the states is illustrated in Figure 6. The
implementation of Algorithm 3 also gave similar results, as

presented in Figure 7, but with a much lower computational
cost.
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Destabilization of the reactor

As a second case study, we consider destabilizing the reac-
tor, driving the exit temperature for the case with no recycle to
exhibit sustained oscillations equal to the case with » = 0.5.
As in the previous case, the manipulated variables are the tem-
peratures of the 8 cooling zones, with bounds:

-1<u; <1, j=1,2,...,8 (32)

In this case the objective is impossible to reach unless the
values of the input variables are allowed to change sign at
operation time. Due to the complexity of the dynamics, more
modes are required to capture it relatively accurately, so the size
of the subspace considered in this case was m = 10. In addition,
longer horizons were needed: N, = N, = 15. In this case using the
conventional MPC formulation presented in section 2, which
requires the computation of matrices of the state space
representation at a system’s steady state is not possible, since
such a steady state does not exist.

As in the previous case, both versions of the algorithm
succeeded in tracking the set point. Figures 8a and 10a
depict the output behavior for the closed loop system vs. the
reference trajectory while Figures 8b and 10b present the
corresponding input values for the 2 versions of the algo-
rithm. In Figure 9, the dynamic closed loop behavior of the
state variables is presented.

Temperature
-~

Concentration

Figure 6. Dynamic profiles for the dimensionless (a)
concentration and (b) temperature throughout
the reactor for the closed loop system.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Computational cost

The applications implementing the proposed algorithms
resulted in computational gains of 30-80% in comparison
to the successive linearization NMPC. Memory usage was
also lower. Algorithm 3, which implements the conditional
update of the basis for the dominant dynamics of the sys-
tem resulted in reduction of computational time varying
from 70 to 85% in comparison to the conservative version
(Algorithm 1). In absolute times, this translates to 3.6 CPU
minutes for Algorithm 3 vs. 21.5 CPU minutes for Algo-
rithm 1 in the stabilization case study. The corresponding
times for the destabilization case are 3.0 and 13.2 CPU
minutes for implementations of Algorithms 3 and 1 respec-
tively. Those times correspond to an implementation in
MATLAB (R2007b) single-threaded code and execution on
a workstation based on 2 Intel Xeon 5160 processors (3.00
GHz) and 4 GB of RAM, running a 32-bit distribution of
GNU/Linux (kernel 2.6.26).

Conclusions

We have presented a model reduction based linear MPC
strategy for nonlinear DPS, based on the “equation-free”
notion. The key feature of the proposed algorithm is the
online identification of the dominant subspace for the dy-
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namics of the nonlinear system at hand, which is exploited
for adaptive linearization of this nonlinear model. Only pro-
jections of the dependent (state) variables onto this subspace
are considered. Thus, the corresponding sensitivity matrices
involved in the Jacobian-based linearization around the cur-
rent state are low-dimensional projections of the original
matrices onto the dominant subspace. Numerical directional
perturbations are used for the calculations, resulting in low
computational cost and memory requirements. This proce-
dure is repeated for every sampling time and results in the
identification of a linear state-space model, which is consid-
ered time invariant for the prediction horizon and can be
used in the context of linear MPC. The control problem is
reformulated for every sampling time in the sense that the
model of the process changes. Following the receding hori-
zon approach, only the first of the control moves computed
from the optimization problem is implemented.

This approach is based on the successive linearization
method, which is a NMPC technique that indirectly compen-
sates for the nonlinearity of the problem. A convex (quad-
ratic) optimization is solved per time interval, hence typical
issues that arise in conventional NMPC are overcome, such
as the existence of multiple optima. In addition to theoretical
advantages, this approach exhibits practical ones as well,
such as lower computational cost and memory requirements
and simplicity. For those reasons, the proposed control
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Figure 8. (a) Closed loop output (solid line) and refer-
ence (dashed line) for the destabilization
case study and (b). the corresponding calcu-
lated inputs.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

DOI 10.1002/aic 809



Temperature

Figure 9. The closed loop dynamic profiles for the
dimensionless concentration (a) and dimen-
sionless temperature (b) throughout the reac-
tor for the destabilization case study.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

method is appropriate for large-scale systems. Furthermore,
it does not presuppose providing the equation of the system
in closed form (only that the closed form conceptually
exists). Only a dynamic simulator for the system at hand is
required, which is handled in an input/output fashion. This
renders the proposed scheme particularly appropriate for
multiscale systems (where the equations for the microscopic
simulators do not exist in closed form), and black box codes
(commercial or legacy in-house developed), where access to
the model is limited in general.
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